A GIBBONS-PENROSE INEQUALITY FOR SURFACES IN 
SCHWARZSCHILD SPACETIME 



SIMON BRENDLE AND MU-TAO WANG 

Abstract. We propose a geometric inequality for two-dimensional space- 
like surfaces in the Schwarzschild spacetime. This inequality implies the 
Penrose inequality for collapsing dust shells in general relativity, as pro- 
posed by Penrose and Gibbons. We prove that the inequality holds in 
several important cases. 



1. Introduction 

In [10], Penrose proposed an inequality as a natural consequence of Cos- 
mic Censorship. The original set-up of Penrose consists of a shell of dust 
collapsing to a point at the speed of light. The null hypersurface swept by 
the incoming shell separates the spacetime into two components with the 
flat Minkowski metric inside. Outside the null shell, the metric is no longer 
flat. The spacetime is vacuum except for a delta distribution of the energy- 
momentum tensor of matter density supporting along the null hypersurface. 

The Penrose inequality in this case reduces to a geometric inequality on 
a marginally trapped surface in the null hypersurface. The location and 
geometry of the marginally trapped surface depends on the matter density 
which can be arbitrarily prescribed. This inequality should hold for a gen- 
eral spacelike 2-surface in the Minkowski spacetime with minimal convexity 
assumptions to guarantee the regularity of the null hypersurface at infinity. 
It was observed by Gibbons (4j that the inequality is exactly the classical 
Minkowski inequality when the 2-surface lies in an Euclidean hyperplane. 
Tod [UJ [12] studied the case when the 2-surface lies in the past null cone of 
a point and derived it from the Sobolev inequality. 

The classical Minkowski inequality was generalized to a mean convex and 
star-shaped surface using the method of inverse mean curvature flow (cf. 
[6]). Very recently, Huisken [7] showed that the assumption that £ is star- 
shaped can be replaced by the assumption that £ is outward-minimizing. 



Date: March 7, 2013. 

The first author was supported in part by the National Science Foundation under grant 
DMS-1201924. The second author was supported in part by the National Science Founda- 
tion under grant DMS-1105483. The authors would like to thank Gary Gibbons, Gerhard 
Huisken, and Shing-Tung Yau for helpful discussions. In particular, we are grateful to 
Gerhard Huisken for pointing out the existence of umbilical slices in the Schwarzschild 
spacetime. 

1 



2 



SIMON BRENDLE AND MU-TAO WANG 



In [5], Gibbons proposed a reduction scheme to approach the Penrose 
inequality for general surfaces in the Minkowski spacetime. The idea is 
to project the 2-surface orthogonally onto an Euclidean hyperplane and 
to relate to the Minkowski inequality of the projected surface. However, 
Gibbons' calculation contains a mistake and the validity of this inequality 
for general surfaces remains open, see section 7.1 of |9j. 

In [IH [16] , the authors made use of Gibbons' projection procedure in 
their definition of quasi- local mass. It turns out the term that is missing 
from Gibbons's calculation corresponds a connection 1-form of the normal 
bundle with respect to a certain normal frame on the 2-surface. This term 
does not vanish in general and is essential in the new definition of quasi-local 
mass in \15\ I16j . 

In [3], a Minkowski type inequality for surfaces in the Anti-deSitter- 
Schwarzschild manifold was proved using the inverse mean curvature flow 
and a new Heintze-Karcher type inequality in [2]. When the mass parame- 
ter is zero, this inequality implies the Penrose inequality for a 2-surface that 
lies on the hyperbola of the Minkowski spacetime, see section 8 of [13] • In 
this article, we propose a conjecture generalizing the Penrose inequality for 
surfaces in the Minkowski spacetime. More specifically, the ambient space 
is the Schwarzschild spacetime. We prove that the inequality holds in fol- 
lowing four cases: (1) when the surface lies in a totally geodesic time slice; 
(2) when the surface lies in a totally umbilical slice; (3) when the surface 
lies in a null hypersurface emanating from a sphere of symmetry; (4) when 
the surface lies in a convex static timelike hypersurface. 

We remark that the Riemannian Penrose inequality was proved by Huisken- 
Ilmanen [8] and Bray [lj. For other related work on the Penrose inequality, 
we refer to [9] and references therein. 

2. Statement of the Penrose inequality 

2.1. Minkowski spacetime. Let S be a two-dimensional spacelike closed 
embedded surface in the Minkowksi space R 3, . Throughout the article, we 
assume S is diffeomorphic to S 2 . We consider a fixed future timelike vector 
T G M 3 ' 1 satisfying (T ,T ) = -1. 

We recall the mean curvature vector field H of E, which is the unique 
normal vector field such that the variation of area of X in a normal variation 
field V is given by J^(H, V)dfi. Let L and L be two null normals of £ with 
(L,L) = 2. We assume L is future-directed and L is past-directed (both 
outward pointing whenever this makes sense). In terms of L and L, we have 

H = ±{H,L)L + ~(H,L)L. 

The dual mean curvature vector J is defined as 
J=±(H,L)L-±(H,L)L. 
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J satisfies (J, J) = —(H,H) and (J,H) = 0. In fact, J is uniquely charac- 
terized by these properties, up to a sign. The choice here makes J a future 
timelike vector in case H is outward spacelike. 

We also recall the second fundamental form of £ with respect to L and 

L: 

(Va a L, d b ) = Xab and (V 9a L, d b ) = x ab 

for tangent vectors {<9 a }a=i,2 to S. % = °~ ab Xab and \ = aab X ab denote the 
respective null expansions and a ab is the inverse of the induced metric a ab 
on S. 

Definition 1. A spacelike 2- surface is future null convex if Xab is positive 
definite, and past null convex if X ab is positive definite. 

The past null convex condition ensures the past null hypersurface ema- 
nating from S along L extends to past infinity. 

The following inequality for spacelike 2-surfaces in the Minkowski space- 
time was proposed by Penrose in |10j : 

Conjecture 2. (Penrose) Suppose that T, is past null convex, then 

(1) - / (J,T )dn > V167T 

We have the pointwise identities 

(H, L) L = J + H and -{H,L)L = J-H. 
By the divergence theorem, 

[ (H,T )dfM = 0. 

This implies 

(2) - f (H, L) (L, T ) d»= I (H,L) (L, T ) d/x = - / (J, T ) dp. 
Thus, inequality ([JJ can be reformulated as follows: 

(3) - J (H, L) {L,T )dn> V16tt|E|. 

This formulation is independent of the choice of L and L except the nor- 
malization (L,L) = 2. If we choose L such that {L,Tq) = 1, 

(4) - / {H,L)(L,T )dfi= ! X dfi 

corresponds to the future (outward) null expansion. 

Note that equation ([3]) is equivalent to equation (51) in 
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2.2. Schwarzschild spacetime. Consider the Schwarzschild spacetime met- 
ric in Schwarzschild coordinate (t,r,9,(f)): 

(5) - (1 - — )dt 2 + - \ dr 2 + r 2 (d6 2 + sin 2 Odcf). 

Let S be an embedded closed spacelike 2-surface in the Schwarzschild 
spacetime. Let L and L be two null normals of £ with {L,L) = 2. Again we 
assume L is future-directed and L is past-directed, and the mean curvature 
vector is 

H= l -{H,L)L+ l -{H,L)L. 

We similarly define the second fundamental form Xab and x ab °f ^ with 
respect to L and L, respectively. Past null convex and future null convex 
can be defined accordingly. 

Since is a Killing field, we have 

/ = <a, |)4.-o. 

We consider the quantity 

Conjecture 3. The following inequality holds for any spacelike past null 
convex 2-surface £ in the Schwarzschild spacetime, 

(6) - ( (H, L)(L, ^-)dn + 16nm > y/l&rm 

where m is the total mass of the Schwarzschild spacetime. 
Of course, an equivalent formulation is 

(7) - J (J, T )dfi + 167rm > y / lHS[. 

The Schwarzschild spacetime belongs to the larger class of static space- 
times. We recall that a spacetime S is static if the metric is of the form 
n 2 dt 2 + gM where gM is a Riemannian metric on a 3-manifold M and is a 
smooth function defined on M. A complete timelike hypersurface B of S is 
convex static if it is invariant under the Killing field and the intersection 
with a time-slice is a convex 2-surface in M. 

In this article, we prove that the inequality holds for a large class of 
spacelike 2-surfaces in the Schwarzschild spacetime. 

Theorem 4. Let S be a closed embedded spacelike 2-surface in the Schwarzschild 
spacetime. The Gibbons-Penrose inequality ([6]) holds in the following cases: 

(1) S lies in a totally geodesic spacelike hypersurface and E is mean 
convex and star-shaped 

(2) £ lies in a totally umbilical spacelike hypersurface and S is mean 
convex and star-shaped. 
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(3) E lies in a null hypersurface emanating from a sphere of symmetry. 

(4) E lies in a convex static timelike hypersurface. 

We remark that by taking m = 0, these give rise to the Penrose inequality 
in the Minkowski spacetime in the corresponding cases (see also |14j). 



3. Proof of the inequality in four cases 

3.1. Surfaces in a totally geodesic time slice. We first check the case 
when E lies in a totally geodesic time-slice (t = 0) and thus the induced 
metric is 

, 1 2m , dr 2 + r 2 {d6 2 + sin 2 9d<p 2 ). 
(1 - r ) 

The future timelike unit normal is given by eo = , 1 • Let L = e$ + v 

and L = — eo+v be the two null normals where v is the outward unit normal 

of E in the time-slice. We compute (L,-^) = — (eo, Jj) = \Jl — and 

(H, L) = (H, v) = —H where H is the mean curvature of E with respect to 
v. Therefore 

-JjH,L)(L^ t W = ^Hf^ d ,. 



Notice that the static potential for the Schwarzschild space-time is y 1 — ^ . 

In this case, the horizon area \dM\ is given by 47r(2m) 2 , and the inequality 
follows from Theorem 1 in [3] applying to the Schwarzschild space. Thus we 
have inequality ^ in this case is equivalent to 

f I 2m 

(8) J fly 1 - — d/i+ Wirm > a/16tt|E|, 

which holds for any mean convex, star-shaped 2-surface in a totally geodesic 
time slice of the Schwarzschild spacetime. 

3.2. Surfaces in a totally umbilical slice. We claim that the inequality 
in Theorem 1 of [3] for surfaces in the Anti-deSitter-Schwarzschild mani- 
fold corresponds to inequality ([6]) for surfaces in an umbilical slice of the 
Schwarzschild space-time. 

Let us recall the definition of the Anti-deSitter-Schwarzschild manifold 0. 
We fix a real number m > 0, and let sq denote the unique positive solution 
of the equation 

(9) 1 + X 2 sl-2ms 2 - n = 0. 



The definition here is slightly different from [2] and [3], as we use 2m as the mass 
parameter instead of m 
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We then consider the manifold M = S n 1 x [s ,oo) equipped with the 
Riemannian metric 

9 = 1 ■ \2 2 1 o 2^ ^ + ^ 9 S n ~ 1 ' 

1 + A z s z — 2m s z n 

where ggn-i is the standard round metric on the unit sphere S n ~ l . The sec- 
tional curvatures of (M, g) approach — 1 near infinity, so g is asymptotically 
hyperbolic. Moreover, the scalar curvature of (M,g) equals — n{n — 1). The 
boundary dM = S n x {so} is referred to as the horizon. Here we focus 
on the case n = 3. 

Now we return to the Schwarzschild spacetime. Consider a function p = 
p(s) that satisfies 

, As 



(l-^)^l-^ + A 2 s 2 

for a constant A > 0. 

Take the embedding of (2m, oo) x S 2 into the Schwarzschild space-time by 
F(s,6,(j)) = (p(s),s,6,4>) in Schwarzschild coordinates (t,r,6,<p) and denote 
the image by M = {(£, r, 6, (f>) \ t = p(s),r = s}. 

Substituting t = p(s),r = s in ©, it follows that the induced metric on 
M is given by 

* 2 ds 2 + s 2 (d9 2 + sin 2 Odcp 2 ) 

1 — — + A z s z 

s 

which is isometric to the one on an Anti-deSitter-Schwarzschild three-manifold 
M. 

Remark 5. p appears to be only defined on (2m, oo). However, we should 
be able to extend M in an extension of Schwarzschild space-time so that the 
domain of definition of s extends to (so,oo) where sq is the unique positive 
root of 1 — + A 2 s 2 . In any case, we shall denote by M the one that is 
extended to (so,oo) which is referred as the AdS- Schwarzschild manifold in 
[3] . Note that M C M is an isometric embedding. 

Proposition 6. The hypersurface M is umbilical, i.e the second fundamen- 
tal form is proportional to the induced metric. 



Proof. Denote 6(s) = 1 - ^ and f(s) = Jl-2f + A 2 s 2 , we have the 
following relation: 

b- 1 - ( P 'fb = r 2 . 

An orthonormal coframe adapted to the hypersurface M is given by 

1 



Vb- 1 - b{p') 2 
1 



(dt-p'dr) = f{s)(dt- p'dr), 



Vb- 1 ~ Hp') 2 



(bp'dt - b-^dr) = f{s){bp'dt - b~ l dr), 
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6 2 = Sd9, 

and 

9 3 = s sin 9d(f), 

where 6° is the unit conormal that is dual to the unit future timelike normal 

The second fundamental form can be computed using this coframe and 
we derive 

d . bp' , 



hn = -r( 



ds yjb' 1 - Hp 



A2' 



We check that 



h h 1 r h £ 

s - 6(//) 2 



As 



V^ 1 - Kp') 2 

and thus M is umbilical. □ 



We compute -(e , f } = 0°(|) = J 1 - 2p + A 2 s 2 = /(a) which is ex- 
actly the static potential for the AdS-Schwarzschild space-time. 

Proposition 7. For spacelike 2-surface T, in M that is mean convex and 
star-shaped, the inequality © holds. 

Proof. We assume A = 1 for simplicity. Consider a spacelike 2-surface E 
in the umbilical hyersurface M . Let v be the outward unit normal of £ in 
M. The mean curvature vector H is given by —Hv + 2eo where H is the 
mean curvature of £ in M with respect to v. The equation J-^{H, -§i)dp = 
implies 

d d 
-H(v,—) + 2(e ,—)dn = 0. 



, s dt 1 u ' dt' 

Take L = eo + v and L = — eo + ^ to be the two null normals, we have 
{L, §il = -(eo, §1) + (f, On the other hand, 



and thus 



(*,t>«fc|>-ff<*,|>-ir<.,|> + 2(«.,|>-2(,,|) 



Denote by (Jj) T the component of that is tangential to M. From ([TO]) 
and F*{-§^) = p'{s)§- t + -§p, we derive 

(|)T _ -sf(s)F,(§-). 
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We can therefore identify jjf)dfJ> on M with the corresponding inte- 
gral 



J (u,-sf(s)-^-)dfj, 



on M. Recall (M, g) is defined of s € [sq, oo) with 

'" -ds 2 + s 2 (dfl 2 + sin 2 0# 2 ). 



* / 2 (s) 

Performing integration by parts on M gives 

f d f d f d 

/ (v,-sf(s)—)dn= / divg(-s/(s)— )tfooZ + / (u, -sf(s)—)dfi 

JT ° s Jn as JdM as 

where dM is the horizon and f2 is the region enclosed by dM and £. 
A straightforward computation shows 

d 

dw g (-sf—) = -3/. 

OS 

In fact, sf(s)-^ is the conformal Killing field used in [2]. 

On the other hand, on a level surface of s, v = /gj and (z/, — s/(s) Jj) = 
— s. Taking the limit s — >■ Sq, we have 

/ (u,-sf(s) — )dfi= -4tts . 

JdM OS 

To this end, we have 

JjH, L)(L, J^}d/i = - J fHdfi + 6 jf fdvol + 87Tflg. 

Now recall from [3] that for such a surface in the AdS-Schwarzschild space 
M, 

/ - 6 / fdvol > ^Wtt\E\ - 8irs . 

Therefore, inequality ([6]) follows by combing the last two inequalities and 
the defining equation ([9]) of so, which implies sjj + sq = 2m. □ 

3.3. Surfaces in a null cone. Let £ be a spacelike 2-surface which is 
contained in the null hypersurface 

N = {(t,r,0,<b) I -t = s + 2mlog(— - l),r = s,s > 2m}. 

2m 

Let L and L be the null normal vectors to £. Note that the past outward 
null normal L is tangential to the null hypersurface N. Since £ is spacelike, 
£ can be written as a radial graph 

£ = {(t, r,e,<j>)\r = u(9, 0), -t = s + 2mlog(-^- - 1)} 

2m 

for some function u : S" 2 — >• (2m, oo). 
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For each A > 0, we denote by p\ the unique solution of the ODE 

As 



p' 



such that p\ (4m) = 4m. It is easy to see that the functions p\(s) converge 
smoothly to the function s + 2m log (^ — 1) as A — > oo for s in compact 
subintervals of (2m, oo). Let 

M x = {(t,r,9,(/))\ - t = Px (s),r = s}. 

We have seen above that M\ is a spacelike hypersurface which is isometric 
to the 3-dimensional AdS-Schwarzschild manifold. Moreover, the surface 

X A = {(t, r,6,<f>)\ - t = Px {s),r = u(9, <£)} 

can be viewed as a star-shaped surface within the AdS-Schwarzschild man- 
ifold M\. 

As A — > oo, the hypersurfaces M\ converge smoothly to the null hyper- 
surface N. Moreover, the surfaces X A converge smoothly to the original 
spacelike 2-surface X. In particular, the mean curvature vector of X A con- 
verges to the mean curvature vector of X as A — > oo. Finally, the unit 
normal vector field to X A within M\ converges to vector field L after suit- 
able rescaling. Since the null expansion of X along L is strictly positive, we 
conclude that the mean curvature of T,\ (viewed as a hypersurface in M\) is 
strictly positive when A is sufficiently large. Therefore, Proposition [7] imply 
that the Gibbons-Penrose inequality © holds for X A when A is sufficiently 
large. Taking the limit as A — > oo, we conclude that the Gibbons-Penrose 
inequality ([6]) also holds for the original surface X. 

3.4. Surfaces in a convex static timelike hypersuface. Here a convex 
static timelike hypersurface refers to a hypersurface given by r = r(6, (j>) in 
the Schwarzschild coordinates such that the intersection of this hypersurface 
with a time-slice is a convex 2-surface X. One can relate the future null 
expansion of such a surface X to the mean curvature of X, the orthogonal 
projection of X along the Killing field Jj. Such a relation holds in a general 
static spacetime. The metric on a general static spacetime S takes the form 

-0 2 (x 1 , x 2 , x 3 )dt 2 + g ij (x 1 ,x 2 , x 3 )dx l dx j , 

with Killing field ^ where gij is a Riemannian metric on a time slice M and 
is the static potential on M. Suppose a 2-surface X is embedded in S via 
F : X ^ S, where (n 1 ,^) ^ F{u l ,u 2 ) = (r(n a ), x l (u a ), x 2 (u a ), x 3 (u a )). 
The induced metric on X is then 

_ dF OF 2 <9t <9t k dx l dx j 

° ah ~ W' ~ d^d^ + 9ij[x [u ]) d^d^- 

Also, 

Wdr du a ' 
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The projection of E onto a t = slice is given by F : £ S 1 , where 
(n 1 ,^ 2 ) i ^ FfVjU 2 ) = (0, x 1 (n a ),x 2 (n a ),x 3 (n a )). We denote the image by 
S. The induced metric on £ is then 

. OF dF . k . a ^dx i dxi n2 9r Or 

The timelike hypersurface B connecting E and £ is the appropriate re- 
striction of the map SxM — > 5 given by (u 1 , w 2 , t) h-> (i, x 1 (u a ), x 2 (u a ), x 3 (u a )). 

Suppose f is the unit outward normal of S within the t = slice, f = 
^^t- We extend f along £> so that the extended vector field v still has 
coordinate expression v = v*-^. Then v is normal to B and has unit 

length. Note, however, that v may not be parallel; V 8 v 7^ in general 

at 

where V s is the Levi-Civita connection on S. In fact, we compute that the 
^ = ^ logO and 4 



Christoffel symbols = A logO and TL = for any i, j = 1, 2, 3, so 



(") v|p - ,-v| A _ ,/(r<4 + ri^j) = ,(.o g a)|. 



Take (^)" L to be the component of ^ that is normal to the surface S. 
We check that 

9 x , 9 2 dr b dF 



and 



1 pi at) 



((|) ± ,(|) ± ) = -^ 2 (l + ^ 2 |Vr| 2 ) 



where |Vr| 2 = o ah -§^jrr is the gradient of t on S with respect to the 



du a du b 

induced metric a a b- Thus we can take 



d 2 ^ r ^ 



as a unit future timelike normal of S. From this equation, we also deduce 
that 

3 



(e 4 ,^) = -fVl + ^ 2 |VT| 2 . 



Since = 0, we have 
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We compute using (fTTI) 




Therefore, 



-{J,—} = (a ab h ab - OP(0)|Vr| 2 )QVl + ft 2 |Vr| 2 . 



The volume elements of E and £ are related by c//t = \/l + il 2 |Vr| 2 d/j, 
integrating the last equation gives 



[ (J,§-) dfi= ! {a ab h ab -fli}(n)\VT\ 2 )ndfi. 



In the Schwarzschild spacetime, the static potential f2 = Wl p. For a 



convex star-shaped surface S on a time slice, h ab is positive definite and 



In view of the relation between a and a, we have a h ab > <J a h ab = H, 
the mean curvature of S. Therefore 



We already know for a convex star-shaped surface S in a time slice, equa- 
tion ([8]) holds, and thus 
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